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PRIMITIVE POLYNOMIALS OVER FINITE FIELDS 

TOM HANSEN AND GARY L. MULLEN 

ABSTRACT. In this note we extend the range of previously published tables of 
primitive polynomials over finite fields. For each pn < 1050 with p < 97 
we provide a primitive polynomial of degree n over Fp. Moreover, each 
polynomial has the minimal number of nonzero coefficients among all primitives 
of degree n over Fp . 

1. INTRODUCTION 

Let Fq denote the finite field of order q = pn, where p is prime and n > 
1. The multiplicative group F* of nonzero elements of Fq is cyclic and a 
generator of Fq* is called a primitive element. Moreover, a monic irreducible 
polynomial whose roots are primitive elements is called a primitive polynomial. 
It is well known that the field Fq can be constructed as Fp[x]/(f(x)), where 
f(x) is an irreducible polynomial of degree n over Fp and, in addition, if 
f (x) is primitive, then Fq* is generated multiplicatively by any root of f(x) . 
With the recent availability of faster machines there is a need to significantly 
extend the range of published tables of primitive polynomials so as to be able 
to implement the arithmetic of larger fields for various applications in a variety 
of areas. In this note we exhibit for each prime power pn < 1050 with p < 97 
a primitive polynomial of degree n over Fp2. Moreover, for each such p and 
n we have listed a primitive of degree n over Fp with the minimal number 
of nonzero coefficients among all primitives of degree n over Fp. In addition 
to the tables presented in ?4 we propose in ?5 two conjectures concerning the 
distribution of primitive and irreducible polynomials over finite fields. 

2. PUBLISHED TABLES 

Table F of Lidl and Niederreiter [9], which is taken from Alanen and Knuth 
[1], lists one primitive of degree n over Fp for pn < 109 with p < 47. 
Sugimoto [14] extended this for the same primes p to the range pn < 1019. 
Because of applications in a variety of areas, including information theory, 
tables with larger ranges are available for p = 2. In particular, Watson [15] 
gives for n < 100 one primitive of degree n over F2, and Stahnke [13] lists 
for each n < 168 a primitive with a minimum number of nonzero coefficients. 
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Zierler and Brillhart [17, 18] greatly extended this work by listing all primitive 
trinomials of degree n over F2 with n < 1000. The tables of [17,18] also 
give all irreducible trinomials of degree n < 1000 and their orders. Green and 
Taylor [8] list one primitive over Fq of degree n with q = 4, n < 11; q = 
8, n < 7; q = 9, n < 7; and q = 16, n < 5. Beard and West [3] study 
special types of primitive polynomials over Fq, and Peterson and Weldon [12] 
give all irreducibles over F2 with n < 16. For 17 < n < 34 they give a 
primitive with a minimum number of nonzero coefficients and an irreducible 
belonging to each possible order. 

3. PRIMITIVE POLYNOMIALS 

Given a monic polynomial of degree n over Fq, the following provides an 
algorithm to test for primitivity, see Lidl and Niederreiter [9, Theorem 3.18]. 

Theorem 1. The monic polynomial f E Fq[x] of degree n > 1 is a primitive 
polynomial over Fq if and only if (- )nf(O) is a primitive element of Fq and 
the least positive integer r for which Xr is congruent mod f (x) to some element 
of Fq is r = (qn-1)/(q-1). If f(x) is primitive over Fq, then xr (1)nf(0) 
(mod f(x)) . 

The following algorithm, which is a simplified version of Theorem 1, was 
implemented on a SUN 460 workstation to test a polynomial f (x) of degree n 
over Fp for primitivity. As a precomputation, for a given p and n, the prime 
factorization of pn - 1 was obtained using the computer programs Mathematica 
[16], PARI [2], a General Factorization and Primality Testing Program [4], and 
the tables from the Cunningham Project [5]. 

Only those f(x) for which (-_ )nf(0) is a primitive element in Fp need 
be considered. First, f(0) is calculated for each 0 E Fp* to eliminate those 
f 's with linear factors. Then the rank of the Berlekamp matrix is calculated to 
eliminate reducible polynomials for which the rank is of course less than n - 1, 
see [9, ?4.1]. 

The residue of x(P" 01(P- ) (modf(x)) is calculated, and if X(p n-)/(P-0 

(-1) nf(O) (mod f(x)) then f(x) is not primitive. If X =p- )/(P- =)(-1)nf(0) 
(mod f(x)) , we proceed as follows. For each prime factor s of (pfn - 1)/(p - 1) 
such that s does not divide p - 1 , the residue of x(Pn_1)/((p-l)s) (modf(x)) 
is calculated. If, for one such s we have x(Pn- )/((P-l)s) = b (modf(x)) with 
b E Fq, then f(x) is not primitive. If for all such s, x(P nl)/((p_1)S) X b 
(modf(x)) with b E Fq, then f(x) is a primitive polynomial of degree n 
over Fp. 

4. TABLES 

In the Supplement section at the end of this issue we provide tables of the 
primitive polynomials obtained from the calculations described in ?3. For each 
pn < 1050 with p < 97, we provide a primitive polynomial of degree n over 
Fp . Moreover, each polynomial has the minimal number of nonzero coefficients 
(minimal Hamming weight) among all primitives of degree n over Fp. 

In our search procedure, for a given p and n, we first tried to locate a primi- 
tive trinomial of degree n over Fp . Failing this, a search was conducted among 
polynomials of Hamming weight four, then five, etc. Among those polynomials 
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of a given weight, say among trinomials for example, polynomials were tested 
for primitivity in the following order. Consider f(x) = Xn + Z1:n- aixi of 
degree n over Fp . Let Nf = pn + zIn- l aipi be the corresponding number in 
base p. Thus, among the trinomials of degree n over Fp, f(x) was tested 
for primitivity before g(x) if Nf < Ng. Subject to this ordering, the first 
primitive polynomial obtained is listed in the table. 

Each polynomial has minimal Hamming weight among all primitives of de- 
gree n over Fp. Primitive 5-nomials were of minimal weight for some values 
of n in the p = 2 case, and for p = 3 with n = 48, 72, 96. In all other cases 
we have a primitive of degree n with weight at most 4. 

In the tables only the nonzero terms are represented, so that for example 
over F7, the polynomial x14 + 2x5 + 3 is represented as 14: 1, 5: 2, 0: 3. 
Copies of the tables and/or programs, either in electronic or hardcopy form, 
are available upon request from the authors. 

5. Two CONJECTURES 

Before closing, we raise two conjectures concerning the distribution of prim- 
itive and irreducible polynomials over finite fields. We also provide some evi- 
dence for each of the conjectures. 

Conjecture A. Let a E Fq , let n > 2 and fix 0 < j < n . Then there exists a 
primitive polynomial f(x) = Xn + n-1 akXk of degree n over Fq with aj = a 
except when 

(Al) q arbitrary, j = 0, and a & (-)n(a, where a E Fq is a primitive 
element; 

(A2) q arbitrary, n = 2, j = 1, and a = 0; 
(A3) q=4, n=3, j=2,and a=0; 
(A4) q=4, n=3, j= 1, and a=0; 
(A5) q=2, n=4, j=2,and a=1. 

Theorem 1 implies that the constant term of a primitive polynomial must 
be of the form (-_1)na with a primitive in Fq, and hence (Al) is a necessary 
exception. Clearly, x2 + a cannot be primitive over Fq, and so we have (A2). 
From [8, Table 1] we deduce the exceptions (A3) and (A4). Exceptions (A3) 
and (A4) will also be excluded as a result of Theorem 2 below. Exception (A5) 
arises from Table F of [9]. 

Conjecture A states that with the five necessary exceptions, there exists a 
primitive polynomial of degree n over Fq with the coefficient of any fixed 
power of x prescribed in advance. 

For irreducible polynomials we propose: 

Conjecture B. Let a : Fq, let n > 2 and fix 0 < j < n . Then there exists 
an irreducible polynomial f(x) = xn + Z--I akXk over Fq with aj = a except 
when 

(B I) q arbitrary and j= a =0; 
(B2) q = 2m, n = 2, = 1, and a = 0. 
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Clearly, (B 1) must be an exception, for otherwise f(x) is divisible by x. 
As for (B2), in characteristic two, every element of Fq is a square, and so 
x2 + a = (x + b)2 is reducible. Conditions (A3) and (A4) for primitivity may 
now be removed because such irreducibles exist by [8, Table 1]. Similarly, (A5) 
may be removed because of Table F of [9]. 

As evidence for Conjectures A and B we first note that Table F of [9] sup- 
ports both conjectures for small p and n, and Tables 1-4 of [8] support 
the conjectures for small n and nonprime q. The chief theoretical result in 
this direction is the following result of Cohen [7, Theorem 1]. We remind 
the reader that, if n > 2, the trace function is defined from Fqn to Fq by 
TR(y) = y + yq + yq2 +.. + Y qn 

Theorem 2. Let n > 2 and let a E Fq with a $A 0 if n = 2 or if n = 3 and 
q = 4. Then there exists a primitive polynomial of degree n over Fq with trace 
a. 

Cohen [7] proved that Fqn contains a primitive element y with TR(y) = a 
over Fq, where the trace of y is of course the negative of the coefficient of 
xn-1 in the minimal polynomial of y over Fq. Cohen's theorem explains 
the exceptions (A2) and (A3) and indirectly (A4), since if f(x) is primitive, 
so is the reciprocal polynomial f*(x) of f(x), namely, f*(x) = xnf(l/x), 
which accounts for (A4). His result proves that among the primitives of degree 
n, the coefficients of xn-1 satisfy Conjecture A, and since every primitive is 
irreducible, Conjecture B as well. 

We now show that the constant terms of the primitive and irreducible poly- 
nomials satisfy Conjectures A and B. For Conjecture A, let a be a primitive 
element in Fqn and let fa(x) be the minimal polynomial of a over Fq with 
constant term (-1 )na, where by Theorem 1, a is a primitive element in Fq 
and moreover, a = a(qnl_)/(q-J) . Let b be a primitive element in Fq and let 
b = al with 1 < I < q - 2. Choose k so that (k, qn - 1) = 1 and k /- 
(mod q - 1). Then a k is primitive in Fqn and hence the minimal polynomial 
g(x) Of ak is a monic primitive of degree n over Fq and, moreover, the 
constant term of g(x) is (-1)nk(qnl)/(q-l) = ( 1)na'k = (- 1 ) =a- (-1)nb 

For Conjecture B, let c $0 c Fq, so c = am with 0 < m < q - 2. The 
element am cannot be in any proper subfield of Fqn , for otherwise am(q'-1) = 1 
with tin, a contradiction, since a has order qn- -1. Hence, the minimal 
polynomial h(x) of am is a monic irreducible of degree n over Fq with 
constant term (-l)nsm(qn-l)/(q-l) = (-1)nc. Thus, the constant terms indeed 
satisfy Conjectures A and B. 

From the above discussion we see that Conjectures A and B hold for polyno- 
mials of degree two. We also note that if f (x) is irreducible, so is f (x + e) for 
e E Fq , and if a primitive (irreducible) polynomial f(x) has 0 coefficient of 
Xn-k for 1 < k < n, then the primitive (irreducible) polynomial (1 /f (0))f* (x) 
has 0 coefficient of xk, where f* (x) is the reciprocal of f (x) . Finally, if f (x) 
is irreducible of degree n over Fq, then fQ(x) = xnf(x + 1/x) is irreducible 
if and only if x2 - fx + 1 is irreducible over Fqn , where /B is any root of 
f(x), see Meyn [10, Lemma 5], also Niederreiter [11] and Cohen [6] for re- 
lated results. These simple transformations can of course be repeatedly applied 
to obtain further evidence for the conjectures. 
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If Conjectures A and B are true, then the primitive and irreducible polyno- 
mials of fixed degree over Fq are in a limited way rather uniformly distributed 
over Fq. 
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